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ABSTRACT

We describe the notion of a quantum family of maps of a quantum space and that of a quantum commutant
of such a family. Quantum commutants are quantum semigroups defined by a certain universal property. We
give a few examples of these objects acting on a classical n-point space and on the quantum space underlying
the algebra of two by two matrices. We show that some of the resulting quantum semigroups are not compact
quantum groups. The proof of one result touches on an interesting problem of the theory of compact quantum
groups.
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EXAMPLES OF QUANTUM COMMUTANTS

1. INTRODUCTION

The notion of a quantum space is by now a fairly well established concept ([1-5]). A quantum space is an
object of the category dual to the category of C∗-algebras ([2, 6]). If B is a C∗-algebra then by QS(B) we will
denote the “quantum space underlying B”. In [7] we defined and studied quantum families of maps which are
families of maps of quantum spaces parameterized by some other quantum space (cf. Section 2).

In this paper we will give a few examples of the objects also introduced in [7] called quantum commutants.
These are certain compact quantum semigroups defined as universal quantum families of maps of some quantum
space into itself commuting with a given family of maps. In the course of analysis of our examples, some of
them will turn out to be classical objects (and in fact classical finite groups) while others will fail to be compact
quantum groups.

Despite a superficial similarity, the quantum semigroups we shall consider are not coalgebras (except the one
found in Example 3.3). Also their actions on quantum spaces (objects dual to C∗-algebras) are not coactions.
Similarly compact quantum groups are not Hopf algebras. All tensor product of C∗-algebras are completed in
the minimal tensor product norm. For this reason we shall not use the terminology of coalgebra theory.

Let us briefly describe the contents of the paper. In Section 2 we recall some basic notions from [7] such
as quantum families of maps and quantum commutant. Section 3 deals with the special situation when we
study quantum commutants of classical families of permutations of finite sets. A general presentation of such an
object is given and some examples are analyzed. In Section 4 we first describe in detail the quantum semigroup
Q-Map

(
QS(M2)

)
and find explicitly the quantum commutant of a family consisting of a single automorphism φ

of M2. For a particular choice of φ we show that the resulting compact quantum semigroup is not a compact
quantum group. To that end we use a wide array of results about compact quantum groups. Our analysis also
shows that in this case the quantum commutant is different from the classical one which is a group isomorphic
to � 2.

2. QUANTUM FAMILIES OF MAPS AND QUANTUM COMMUTANTS

2.1. Quantum Families of Maps

Let A and B be C∗-algebras. By a morphism from A to B we understand a nondegenerate ∗-homomorphism
A → M(B) (the multiplier algebra of B). The category of quantum spaces is the category dual to the category
whose objects are C∗-algebras with these morphisms. The set of all morphisms from A → B is denoted by
Mor(A, B). (cf. [2, 8, 6]). In the remainder of the paper we shall only encounter unital C∗-algebras, so the
morphisms will be simply unital ∗-homomorphisms between C∗-algebras. However, the universal properties of
some of the considered quantum families of maps (in particular the quantum commutants) hold for the larger
class of morphisms we just described.

Now let M and B be C∗-algebras. A quantum family of maps QS(M) → QS(M) labeled by QS(B) is an
element ΨB ∈ Mor(M,M ⊗B). In [7] we showed that if M is finite dimensional then there exists a C∗-algebra
and a distinguished quantum family ∈ Mor(M,M ⊗ ) such that for any B and ΨB ∈ Mor(M,M ⊗ B) there
exists a unique Λ ∈ Mor( , B) such that the diagram

M �� M ⊗
idM⊗Λ

��
M

ΨB �� M ⊗ B

is commutative. The quantum family was then called the quantum family of all maps QS(M) → QS(M). It
was shown that there is a comultiplication on making ( , ) into a compact quantum semigroup with unit
(in other words is a unital C∗-algebra and ∈ Mor( , ⊗ ) is a coassociative morphism; moreover there
exists on a continuous counit ∈ Mor(A, )). This quantum semigroup was denoted by Q-Map

(
QS(M)

)
.
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In [7] we investigated the object Q-Map
(
QS(M)

)
and its subobjects. In particular we defined quantum

semigroups preserving a fixed state on M ([7, Section 5]). One can use those results to prove some other general
properties of Q-Map

(
QS(M)

)
.

Proposition 2.1. If M is more than one dimensional then Q-Map
(
QS(M)

)
is not a compact quantum group.

Proof. If Q-Map
(
QS(M)

)
were a compact quantum group, it would have the Haar measure . The standard

formula (cf. [9, 4])
E : M � m �−→ (idM ⊗ ) (m) ∈ M

yields a conditional expectation whose range consist of elements invariant for the action of Q-Map
(
QS(M)

)
on

QS(M): (
E(m)

)
=

(
(idM ⊗ ) (m)

)
= (idM ⊗ id ⊗ )

(
( ⊗ id ) (m)

)
= (idM ⊗ id ⊗ )

(
(idM ⊗ ) (m)

)
=

(
idM ⊗ [(id ⊗ )◦ ]

)
(m)

=
[
(idM ⊗ ) (m)

]⊗ = E(m) ⊗ .

We have shown, however, in [7, Proposition 4.6] that Q-Map
(
QS(M)

)
acts ergodically on QS(M). In other words

E(m) must be a multiple of M . Therefore the formula

E(m) = ω(m) M

defines an invariant state on M . Indeed, for any m ∈ M we have

M ⊗ [
(ω ⊗ id ) (m)

]
= (E ⊗ id ) (m)

= (idM ⊗ ⊗ id )( ⊗ id ) (m)

= (idM ⊗ ⊗ id )(idM ⊗ ) (m)

=
[
(idM ⊗ ) (m)

]⊗
= E(m) ⊗ = ω(m) M ⊗ = M ⊗ ω(m) .

Therefore (ω⊗ id ) (m) = ω(m) for all m ∈ M . Now [7, Proposition 5.3] says that there is no invariant state
on M unless dim M = 1. �

Let M be a C∗-algebra and let ΨB ∈ Mor(M,M ⊗ B) and ΨC ∈ Mor(M, M ⊗ C) be quantum families of
maps QS(M) → QS(M). The composition of the quantum families ΨB and ΨC is the quantum family labeled
by QS(B ⊗ C) defined as (ΨB ⊗ idC)◦ΨC . The composition of ΨB and ΨC is denoted by ΨB �ΨC ([7, Section
3]).

2.2. Quantum Commutants

Let B be a C∗-algebra and let ΨB ∈ Mor(M,M ⊗B) be a quantum family of maps. The quantum commutant
Q-MapΨB

(
QS(M)

)
of ΨB is the quantum semigroup (A, ∆) where the quantum space QS(A) labels the universal

quantum family Φ ∈ Mor(M,M ⊗ A) of maps commuting with ΨB . The notion of commuting families was
introduced in [7, Section 6] and is a generalization of a classical notion of commuting families of maps.

Let us recall some of the features of quantum commutants proved in [7]:

• the C∗-algebra A is the quotient /J , where J is the ideal in generated by the set{
(ω ⊗ id ⊗ η)( �ΨB)(m) − (ω ⊗ η ⊗ id )(ΨB � )(m) m ∈ M, ω ∈ M∗, η ∈ B∗

}
, (2.1)

• The quantum family Φ ∈ Mor(M, M ⊗A) satisfies Φ = (idM ⊗π) , where π is the quotient map → A.
Moreover Φ is an action of Q-MapΨM

(
QS(M)

)
on QS(M).
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• Q-MapΨB

(
QS(M)

)
is a quantum subsemigroup with unit of Q-Map

(
QS(M)

)
, i.e. the quotient map π is

a quantum semigroup morphism and
ε◦π = , (2.2)

where ε is the counit of Q-MapΨB

(
QS(M)

)
.

In order to illustrate the notion of a quantum commutant further let us consider the following simple example:
a quantum family ΨB ∈ Mor(M,M ⊗ B) of maps QS(M) → QS(M) is trivial if ΨB(m) = m ⊗ B for all
m ∈ M . In [7, Proposition 6.1] we showed that any quantum family of maps commutes with a trivial family.
Therefore (by universality) the quantum commutant of a trivial family must be the whole quantum semigroup
Q-Map

(
QS(M)

)
.

Notational Convention

In each of the next two sections we will fix a finite dimensional C∗-algebra M and first consider the quantum
semigroup Q-Map

(
QS(M)

)
. In each case we will denote the corresponding C∗-algebra with comultiplication by

( , ), its counit by and the associated action on QS(M) by . Then we will study quantum commutants of
some fixed family of maps QS(M) → QS(M) usually denoted by ΨB ∈ Mor(M,M ⊗ B) with some C∗-algebra
B. The C∗-algebra with comultiplication describing the quantum commutant Q-MapΨB

(
QS(M)

)
will then be

denoted by (A, ∆) and its counit will always be denoted by ε, while its action on QS(M) will be denoted by
Φ ∈ Mor(M,M⊗A). In other words, the passage from Q-Map

(
QS(M)

)
to Q-MapΨB

(
QS(M)

)
will be symbolically

encoded in the following transformation of notation:(
, , ,

) � ��������
(
A, ∆, Φ, ε

)
.

3. QUANTUM COMMUTANTS OF CLASSICAL FAMILIES OF BIJECTIONS

Let Xn denote an n element set. This finite space is described by the commutative C∗-algebra C(Xn) = n.
In other words Xn = QS( n). In this section we shall give a description of quantum commutants of classical
families of bijections Xn → Xn.

Proposition 3.1. Let M = n. Then Q-Map(Xn) = ( , ), where is the universal C∗-algebra generated by
elements {ai,j 1 ≤ i, j ≤ n} with relations

(aij)∗(aij) = aij , i, j = 1, . . . , n,
n∑

j=1

aij = , i = 1, . . . , n
(3.1)

and comultiplication ∈ Mor( , ⊗ )

(ai,j) =
n∑

k=1

ai,k ⊗ ak,j , i, j = 1, . . . , n,

while the counit maps ai,j to 1 if i = j and to 0 otherwise.

The action ∈ Mor(M, M ⊗ ) of Q-Map(Xn) on Xn is given on the standard basis {e1, . . . , en} of M = n

by

(ej) =
n∑

i=1

ei ⊗ ai,j .

Proposition 3.1 is simple to prove and is implicitly contained in [10, Theorem 3.1 & remark (3) on page 208].
In section 4 we will give a proof of a similar result (Proposition 4.1).

Let F be a classical family of maps Xn → Xn. We will only consider finite families, so that F consists of a
finite number, say m, elements and we can view F as a morphism ΨB ∈ Mor(M,M⊗B), where B = C(F) = m
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and
ΨB(ej) =

∑
σ∈F

eσ(j) ⊗ δσ,

where for each σ ∈ F the symbol δσ denotes a function on the set F equal to 1 at σ and zero in all other points.
We shall now describe the construction of a quantum commutant of the family ΨB . With a small abuse of
terminology we shall call this quantum semigroup the quantum commutant of F and denote it by Q-MapF (Xn).
The corresponding C∗-algebra with comultiplication will be denoted by (A, ∆).

Proposition 3.2. Let M = C(Xn) and let F be a classical family of bijections Xn → Xn. Let B = |F| and
let ΨB ∈ Mor(M, M ⊗ B) correspond to the family F as described above. Then the ideal (2.1) of is generated
by the elements {

ai,σ(j) − aσ−1(i),j 1 ≤ i, j ≤ n, σ ∈ F}
.

Consequently A is generated by elements {aij i, j = 1, . . . , n} satisfying (3.1) and

aσ(i),σ(j) = ai,j , i, j = 1, . . . , n, σ ∈ F . (3.2)

Moreover the commutant of F coincides with the commutant of the group generated by F .

Proof. In order to find a set of generators of the ideal (2.1) it is enough to take for m, ω and η elements of fixed
bases of M , M∗ and B∗ respectively. Fix i ∈ {1, . . . , n} and σ ∈ F and let ω be equal to 1 on ei and to 0 on
other vectors of the standard basis of M . Similarly let η pick out δσ and kill all other δτ with τ ∈ F . We have

( �ΨB)(ej) = ( ⊗ idB)
(∑

τ∈F
eτ(j) ⊗ δτ

)
=

n∑
k=1

∑
τ∈F

ek ⊗ ak,τ(j) ⊗ δτ

and

(ΨB � )(ej) = (ΨB ⊗ id )
( n∑

k=1

ek ⊗ ak,j

)
=

∑
τ∈F

n∑
k=1

eτ(k) ⊗ δτ ⊗ ak,j .

Using the fact that all elements of F are bijections we see that

(ω ⊗ id ⊗ η)( �ΨB)(ej) − (ω ⊗ η ⊗ id )(ΨB � )(ej) = ai,σ(j) − aσ−1(i),j .

Substituting σ(i) in place of i we obtain the relation (3.2) for generators of A. Moreover, we see that if σ1, σ,2 ∈ F ,
then

Ri,j = aσ1(i),σ1(j) − ai,j and Si,j = aσ2(i),σ2(j) − ai,j

are zero in A for all i, j. Therefore

aσ1(σ2(i)),σ1(σ2(j)) − ai,j = Rσ2(i),σ2(j) − Si,j

is also equal to 0 in A. It follows that taking compositions of elements of F does not enlarge the commutant.
One could follow a similar reasoning with inverses, but it is enough to note that inverses in a finite group (in
our case contained in the symmetric group Sn) are expressible as products (namely a high enough power of a
given element is its inverse). �
Example 3.3. For n ≥ 3 let us consider the family of maps Xn → Xn consisting of a single cyclic permutation
i �→ i + 1 mod n. The quantum commutant Q-MapF (Xn) is then isomorphic to the classical group n acting
on Xn by cyclic permutations. Indeed, let π : → A be the quotient map. Then A is generated by images of
generators ai,j of . For k = 1, . . . , n let xk = π(a1,k). Then we easily see that x1, . . . , xn generate A and they
are self-adjoint projections adding up to A. Therefore they commute and we see that A is isomorphic to n.
Moreover, since π preserves comultiplication, we find that

∆(xk) =
n∑

p=1

xp ⊗ xk−p+1 mod n

One easily sees that (A, ∆) is isomorphic to the algebra of all functions on n with xk mapped to the “delta
function” at k−1 ∈ n. In particular this quantum commutant is not only a quantum group, but even a classical
(and commutative) finite group. One can show by direct calculation that for n = 2 the quantum commutant of
a cyclic permutation (which in this case is also a transposition) is the trivial group.
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Example 3.4. Let us now specify the situation from Example 3.3. Let F be a family consisting of a single
map σ : Xn → Xn exchanging two points (a transposition). By putting Xn = {1, . . . , n} we can assume that
σ = (n − 1, n). We shall describe the quantum commutant Q-MapF (Xn) = (A, ∆) of F .

We have the quotient map π : → A, so images under π of generators (ai,j)i,j=1,...,n of (cf. Proposition
3.1) generate A. Let us denote the image of the matrix (ai,j)i,j=1,...,n ∈ Mn ⊗ under idMn ⊗ π by⎡

⎢⎢⎢⎢⎢⎣

b1,1 · · · b1,n−2 d1 d′1
...

. . .
...

...
bn−2,1 · · · bn−2,n−2 dn−2 d′n−2

c1 · · · cn−2 e f
c′1 · · · c′n−2 f ′ e′

⎤
⎥⎥⎥⎥⎥⎦ .

First let us remark that it follows from Proposition 3.2 that e = e′, f = f ′ and cj = c′j , dj = d′j for j = 1, . . . , n−2.
Moreover the defining relations of imply that dj = 0 for all j. The action Φ ∈ Mor( n, n ⊗ A) is given on
generators by

Φ(ej) =
n−2∑
i=1

ei ⊗ bi,j + (en−1 + en) ⊗ cj

for 1 ≤ j ≤ n − 2 and
Φ(en−1) = en−1 ⊗ e + en ⊗ f,

Φ(en) = en−1 ⊗ f + en ⊗ e.

Let B be the C∗-subalgebra of A generated by (bi,j)i,j=1,...,n−2 and C be the C∗-subalgebra generated by
e, f, c1, . . . , cn−2. Clearly C is isomorphic to n. Note also that ∆

∣∣
B
∈ Mor(B, B ⊗ B). We will show that

(1) (B,∆) is isomorphic to the quantum semigroup Q-Map(Xn−2),
(2) A ∼= B ∗ C.

To see point (1) let D be a C∗-algebra and let ΨD ∈ Mor( n−2, n−2 ⊗ D) be a quantum family of maps
Xn−2 → Xn−2. Define Ψ̃D ∈ Mor( n, n ⊗ D) by

Ψ̃D(ej) = (ι ⊗ idD)ΨD(ej)

(where ι is the inclusion of n−2 into n onto the subspace spanned by the first n − 2 vectors of the standard
basis) for j = 1, . . . , n − 2 and

Ψ̃D(ek) = ek ⊗ D

for k = n − 1, n. Then Ψ̃D is a quantum family of maps Xn → Xn commuting with F . The universal property
of Q-MapF (Xn) shows that there exists a unique map Λ ∈ Mor(A, D) such that (id n ⊗ Λ)◦Φ = Ψ̃D.

Let now p : n → n−2 be the projection onto the first n−2 coordinates and let Φ′ = (p⊗ idA)◦Φ◦ι : n−2 →
n−2 ⊗ B. As defined here Φ′ is a completely positive map, but one immediately sees that it is in fact a unital

∗-homomorphism.

Evidently Λ′ = Λ
∣∣
B

is now a morphism from B to D such that ΨD = (idB ⊗Λ′)◦Φ′. Moreover this morphism
is unique (if there were different ones we could easily extend them both to A and have different choices for Λ).
It follows that (B,Φ′) has the universal property of Q-Map(Xn−2).

To prove (2) one first uses the universal property of the free product to construct a map B ∗C → A. Namely,
let (

b̃i,j

)
i,j=1,...,n−2

and ẽ, f̃ , c̃1, . . . , c̃n−2 (3.3)

be images of the generators of B and C in B ∗ C. Then there is a morphism Θ ∈ Mor(B ∗ C, A) sending
each of the generators (3.3) to the corresponding generator in A. To define a map in the opposite direction let
Φ̃ ∈ Mor

(
n, n ⊗ (B ∗ C)

)
be given by

Φ̃(ej) =
n−2∑
i=1

ei ⊗ b̃i,j + (en−1 + en) ⊗ c̃j
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for 1 ≤ j ≤ n − 2 and

Φ̃(en−1) = en−1 ⊗ ẽ + en ⊗ f̃ ,

Φ̃(en) = en−1 ⊗ f̃ + en ⊗ ẽ

(one has to check that this map exists, i.e. the images of the basis vectors are projections summing up to ).
Then Φ̃ is a quantum family of maps Xn → Xn commuting with F and the universal property of Q-MapF (Xn)
provides an element of Λ ∈ Mor(A, B ∗ C) such that (id n ⊗ Λ)◦Φ = Φ̃. By looking at the images of generators
one can check that Λ is then the inverse of Θ.

4. AN EXAMPLE ON M2

In this section we shall consider the finite quantum space QS(M2). We begin by describing the quantum
space of all maps QS(M2) → QS(M2). The C∗-algebra M2 is the universal C∗-algebra generated by an element
n satisfying the relations

n2 = 0 and nn∗ + n∗n = .

One can take

n =
[
0 1
0 0

]
(4.1)

and we will adopt this choice.

Proposition 4.1. The quantum space Q-Map
(
QS(M)

)
= ( , ), where is the universal C∗-algebra generated

by four elements , , and satisfying the relations:
∗ + ∗ + ∗ + ∗ = ,
∗ + ∗ + ∗ + ∗ = 0,
∗ + ∗ + ∗ + ∗ =

(4.2)

and
2 + = 0,

+ = 0,

+ = 0,

+ 2 = 0.

(4.3)

The quantum semigroup structure on Q-Map
(
QS(M2)

)
is given by ∈ Mor( , ⊗ ) acting on generators in the

following way:
( ) = ∗ ⊗ + ∗ ⊗ + ⊗ + ∗ ⊗ + ∗ ⊗ + ∗ ⊗ ,

( ) = ∗ ⊗ + ∗ ⊗ + ⊗ + ∗ ⊗ + ∗ ⊗ + ∗ ⊗ ,

( ) = ∗ ⊗ + ∗ ⊗ + ⊗ + ∗ ⊗ + ∗ ⊗ + ∗ ⊗ ,

( ) = ∗ ⊗ + ∗ ⊗ + ⊗ + ∗ ⊗ + ∗ ⊗ + ∗ ⊗

(4.4)

while the counit maps , and to 0 and to 1.

The action ∈ Mor(M2, M2 ⊗ ) of Q-Map
(
QS(M2)

)
on QS(M2) is given by

(n) = nn∗ ⊗ + n ⊗ + n∗ ⊗ + n∗n ⊗ . (4.5)

Proof. We know that the C∗-algebra exists and that it is endowed with a morphism ∈ Mor(M2, M2 ⊗ )
which is the quantum family of all maps ([7, Definition 3.1(2)]) QS(M2) → QS(M2). This map has some value
on the generator n of M2. Since {nn∗, n, n∗, n∗n} is a basis of M2 we can write (n) in the form (4.5) or as

: M2 � n �−→
[ ]

∈ M2( ) = M2 ⊗ ,

where , , , and are some elements of . The equalities

(n∗n) = (n)∗ (n) =
[ ]∗ [ ]

=
[ ∗ ∗

∗ ∗

] [ ]
=

[ ∗ + ∗ ∗ + ∗
∗ + ∗ ∗ + ∗

]
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and

(nn∗) = (n) (n)∗ =
[ ] [ ]∗

=
[ ] [ ∗ ∗

∗ ∗

]
=

[ ∗ + ∗ ∗ + ∗
∗ + ∗ ∗ + ∗

]
show that the relation nn∗ + n∗n = M2 implies that , , and must satisfy (4.2). Similarly, from

(n2) = (n)2 =
[ ] [ ]

=
[

2 + +
+ + 2

]
and the fact that n2 = 0, it follows that relations (4.3) must be satisfied.

Now for any C∗-algebra B and any Ψ ∈ Mor(M2, M2 ⊗B) the matrix elements of Ψ(n) must satisfy the same
relations as , , , and . Therefore the universal C∗-algebra generated by , , , and with relations (4.2)
and (4.3)1 will always have a unique map Λ onto B such that Ψ = (idM2 ⊗ Λ) . It easily follows that is the
universal C∗-algebra described in the statement of the theorem.

We know that possesses a comultiplication and that

( ⊗ id )◦ = (idM2 ⊗ )◦ .

Applying both sides of this relation to n ∈ M2 we obtain[
( ) ( )
( ) ( )

]
= (idM2 ⊗ )

([ ])
= (idM2 ⊗ ) (n) = ( ⊗ id ) (n)

= ( ⊗ id )
(
nn∗ ⊗ + n ⊗ + n∗ ⊗ + n∗n ⊗ )

=
[
( ∗ + ∗) ⊗ ( ∗ + ∗) ⊗
( ∗ + ∗) ⊗ ( ∗ + ∗) ⊗

]
+

[ ⊗ ⊗
⊗ ⊗

]

+
[ ∗ ⊗ ∗ ⊗

∗ ⊗ ∗ ⊗
]

+
[
( ∗ + ∗ ) ⊗ ( ∗ + ∗ ) ⊗
( ∗ + ∗ ) ⊗ ( ∗ + ∗ ) ⊗

]
(4.6)

and we immediately find the values of on generators as described in (4.4).

Finally the values of the counit is determined by the fact that (idM2 ⊗ ) (m) = m for all m ∈ M2. In
other words we have [

( ) ( )
( ) ( )

]
= (idM2 ⊗ ) (n) = n =

[
0 1
0 0

]
.

�

As in Section 3 we shall study some simple examples of quantum commutants of families of maps QS(M2) →
QS(M2). The simplest possible such family is a classical family consisting of a single automorphism of M2.

Let φ ∈ Aut(M2). The singleton family {φ} can be described in the non-commutative framework by taking
B = and ΨB : M2 � m �→ φ(m) ⊗ 1 ∈ M2 ⊗ B. Now the quantum commutant of ΨB (or in other words of
{φ}) is (A, ∆), where A is the quotient of by the ideal (2.1). In the special case we are describing one finds
that this ideal is generated by{

(ω ⊗ id )
(

(φ(m)
)− (

[ω◦φ] ⊗ id ) (m) m ∈ M2 ω ∈ M∗
2

}
. (4.7)

Indeed, for m ∈ M2, η ∈ B∗ and ω ∈ M∗
2 we have

(ω ⊗ id ⊗ η)( ⊗ idB)ΨB(m) − (ω ⊗ η ⊗ id )(ΨB ⊗ id ) (m)

= η(ω ⊗ id )
(
φ(m)

)− η(ω ⊗ id )(φ ⊗ id ) (m).

We can get rid of η since it is simply a complex number and we find that the ideal (2.1) is generated by (4.7).

Proposition 4.2. Let φ be the automorphism of M2 which sends the matrix (4.1) to its conjugate. Then
Q-Mapφ

(
QS(M2)

)
= (A, ∆) where A is the universal C∗-algebra generated by three elements α, β, and γ satisfying

relations
β = β∗, γ = γ∗ (4.8)

1It follows from the form of considered relations that such a C∗-algebra exists
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and

α∗α + γ2 + αα∗ + β2 = , (4.9a)

α∗β + γα∗ + αγ + βα = 0, (4.9b)

α2 + βγ = 0, (4.9c)

αβ + βα∗ = 0, (4.9d)

γα + α∗γ = 0. (4.9e)

The comultiplication acts on generators in the following way:

∆(α) = A ⊗ α + (α∗α + γ2) ⊗ (α∗ − α) + α ⊗ β + α∗ ⊗ γ,

∆(β) = (αγ + βα) ⊗ (α − α∗) + β ⊗ β + γ ⊗ γ,

∆(γ) = (βα + αγ) ⊗ (α∗ − α) + γ ⊗ β + β ⊗ γ,

(4.10)

while the counit ε is
ε(α) = ε(γ) = 0, ε(β) = 1.

Proof. Let α, β, γ, and δ be images in A of the generators , , , and of . For the matrix n given by (4.1) we
have

(α ⊗ id ) (n) − (
α(n)

)
=

[ ]
−

[ ∗ ∗
∗ ∗

]
=

[ − ∗ − ∗

− ∗ − ∗.

]
Since the image under π of this matrix must be sent to 0 by ω ⊗ idA for all ω ∈ M∗

2 we see that the images
α, β, γ, and δ must satisfy

α = δ∗, γ = γ∗ β = β∗. (4.11)
The remaining relations (4.9) follow then directly from (4.2) and (4.3). Applying π ⊗ π to both sides of (4.4)
and using (4.11) yields at first

∆(α) = αα∗ ⊗ α + β2 ⊗ α + α ⊗ β + α∗ ⊗ γ + α∗α ⊗ α∗ + γ2 ⊗ α∗,

∆(β) = αγ ⊗ α + βα ⊗ α + β ⊗ β + γ ⊗ γ + α∗β ⊗ α∗ + γα∗ ⊗ α∗,

∆(γ) = γα∗ ⊗ α + α∗β ⊗ α + γ ⊗ β + β ⊗ γ + βα ⊗ α∗ + αγ ⊗ α∗.

Then using (4.9a) (4.9b) we obtain (4.10) and the formula for ε follows from (2.2).

So far we have not shown that A is the universal C∗-algebra generated by α, β, and γ satisfying (4.8) and
(4.9). A priori some additional relations (not following from (4.8) and (4.9)) could be satisfied in A. However if
Ã is the universal C∗-algebra for considered relations then Φ̃ ∈ Mor

(
M2, M2 ⊗ Ã

)
defined by

Φ̃(n) =
[
α β
γ α∗

]

is a quantum family commuting with {φ}. Therefore A = Ã. �
Remark 4.3. One can easily determine the classical commutant of {φ}. The only classical maps QS(M2) →
QS(M2) are simply the automorphisms of M2. Out of these the only ones commuting with φ are given by
conjugation by matrices from the set{[

a ib
ib a

]
a, b ∈ , a2 + b2 = 1

}
∪
{[

ia −b
b −ia

]
b,−ia ∈ , a2 + b2 = 1

}
.

Therefore the classical commutant of φ is isomorphic to the group � 2. In particular the spectrum of A must
be equal to a disjoint union of two circles (cf. [7, Theorem 4.4 & Corollary 4.5]).

In the next corollary we will use some known facts about compact quantum groups. If G = (B,∆B) is such
a group then the left kernel of its Haar measure hG is in fact a two sided ideal and the quotient Br of B by this
ideal has a canonical structure of a compact quantum group. The object Gr = (Br, ∆Br) is called the reduced
version of G. There is a canonical Hopf ∗-algebra B dense in B. It is the same for Gr and the quotient map
B → Br is an identity on B. For all these results we refer the reader to [3, page 656] and [5].
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Corollary 4.4. Let α be the automorphism of M2 considered in Proposition 4.2. Then the quantum semigroup
Q-Mapφ

(
QS(M2)

)
is not a quantum group.

The proof of Corollary 4.4 will be achieved by assuming that Q-Mapφ

(
QS(M2)

)
= (A, ∆) is a compact quantum

group and showing that the dense Hopf ∗-algebra A ⊂ A must then contain a proper group-like projection, which
is, of course, impossible. However the author is not aware of a result saying that a proper group like projection
cannot be contained by A (unless the Haar measure is faithful). We show that the considered projection is
proper by proving that certain relations are not satisfied in A.

Proof of Corollary 4.4. Let α, β, and γ be generators of A as in Proposition 4.2 and let X = α+α∗, Y = (β+γ).
We have X = X∗, Y = Y ∗. Moreover

XY = (α + α∗)(β + γ) = αβ + αγ + α∗β + α∗γ,

Y X = (β + γ)(α + α∗) = βα + βα∗ + γα + γα∗,

so XY + Y X = 0 by (4.9b), (4.9d), and (4.9e). We will now assume that (A, ∆) is a compact quantum group
and shall arrive at a contradiction.

Therefore let h be the Haar measure of (A, ∆). From the formulas for ∆ we find that

∆(X) = A ⊗ X + X ⊗ Y, (4.12a)

∆(Y ) = Y ⊗ Y, (4.12b)

so by applying (h ⊗ idA)∆ to X we obtain

X + h(X)Y = A. (4.13)

If h(X) = 0 then X = A, but h(X) = h( A) must be equal to 1. Therefore h(X) 
= 0. But then (4.13) shows
that X commutes with Y . Since they also anticommute, we see that

XY = 0.

Now note, that
X2 + Y 2 = α2 + α∗α + αα∗ + α∗2 + β2 + βγ + γβ + γ2 = A

by (4.9a), (4.9c) and its adjoint version.

Therefore
Y = AY = (X2 + Y 2)Y = X(XY ) + Y 3 = Y 3,

so that Y 2 is a projection. By (4.12b) the element Y 2 is also group-like. We must show that this is impossible,
so we must first exclude the possibilities

(1) Y 2 = A,
(2) Y 2 = 0.

Assume that (1) holds. Then X2 = 0, so X = 0 and α = −α∗. Substituting this into (4.9) shows that the
C∗-algebra A is commutative, generated by three self-adjoint elements β, γ and t = iα such that

2t2 + β2 + γ2 = A, and t2 = βγ.

Therefore A = C(Z), where Z is contained in the subset of 2 consisting of points
[

ξ
η

]
such that (ξ + η) = 1

and ξη ≥ 0.2 But in this case the spectrum of A is too small to contain the classical commutant of {φ} which is
homeomorphic to two disjoint circles (see Remark 4.3).

The possibility (2) is eliminated by noticing that β = −γ contradicts the fact that

ε(γ) = 0, ε(β) = 1,

(where ε is the counit of (A, ∆)).

Thus we have established that Y 2 is a proper projection and a group-like element. Unlike in the theory of
Hopf algebras, this fact does not, in principle, disqualify (A, ∆) as a compact quantum group. However, by [5,

2We do not investigate this issue here, but if there are any more relations between β, γ and t, then Z is a proper subset of{[
ξ
η

]
(ξ + η) = 1, ξη ≥ 0

}
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Theorem 2.6(2)] we know that if h were faithful then Y would have to belong to the dense Hopf ∗-algebra A
inside A, which is impossible. Therefore Y must be sent to 0 by the reducing map A → Ar. Therefore in Ar

we have Y = 0. We want to show that this is impossible. We cannot use the argument with counit, because
Ar might not have a counit. Therefore we must argue otherwise. If Y = 0 then not only X2 = Ar

, but also
X = Ar

because of (4.13) (or (4.12a)). Therefore Ar is generated by two elements α and β satisfying

β = β∗, (4.14a)

α + α∗ = Ar
, (4.14b)

α∗α + 2β2 + αα∗ = Ar
, (4.14c)

α2 = β2, (4.14d)

αβ + βα∗ = 0,

βα + α∗β = 0.

Note first that it follows from (4.14b) that α commutes with α∗. Thus (4.14c) can be rewritten as

α∗α = 1
2 ( Ar − 2β2). (4.15)

Moreover, from (4.14b) we also get

α = Ar
α = (α + α∗)α = α2 + α∗α

so by (4.14d) and (4.15) we have
α = β2 + 1

2 ( Ar
− 2β2).

Therefore α commutes with β and by (4.14a) it is self-adjoint. It follows that Ar is commutative.

However, if Ar is commutative then Ar = A and, in particular, Ar does have a continuous counit. All this
shows that Y 2 cannot be mapped to zero by the epimorphism A → Ar. It is therefore a non zero element of Ar

and by [5, Theorem 2.6(2)] an element of the dense Hopf ∗-algebra A associated to (A, ∆). This, on the other
hand, is impossible since Y 2 is proper projection and a group-like element. �
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